Locally quantum groups in the von 
Neumann algebraic setting 



Johan Kustermans & Stefaan Vaes 

Department of Mathematics 
KU Leuven 
Celestijnenlaan 200B 
B-3001 Heverlee 
Belgium 

e-mails : johan.kustermans@wis.kuleuven.ac.be & stefaan.vaes@wis.kuleuven.ac.be 

May 2000 



Abstract. In this paper we complete in several aspects the picture of locally compact quantum groups. 
First of all we give a definition of a locally compact quantum group in the von Neumann algebraic setting 
and show how to deduce from it a C*-algebraic quantum group. Further we prove several results about 
locally compact quantum groups which are important for applications, but were not yet settled in our 
paper 0. We prove a serious strengthening of the left invariance of the Haar weight, and we give several 
formulas connecting the locally compact quantum group with its dual. Loosely speaking we show how the 
antipodc of the locally compact quantum group determines the modular group and modular conjugation 
of the dual locally compact quantum group. 

Introduction 

Building on the work of Kac & Vainerman Enock & Schwartz Q, Baaj & Skandalis pL Woronowicz 
|l8| and Van Daele[pl| a precise definition of a locally compact quantum group was recently introduced 
by the authors in |p|, see g and Jl(J for an overview. For an overview of the historic development of 
the theory we refer to and the introduction to ||. Because commutative C*-algebras are always of 
the form Cq(X), where X is a locally compact space and Cq(X) denotes the C*-algebra of continuous 
functions on X vanishing at infinity, arbitrary C*-algebras are sometimes thought of as the algebra of 
continuous functions vanishing at infinity on a (non-existing) locally compact quantum space. For this 
reason the C*-algebra framework is the most natural one to study locally compact quantum groups. The 
most general commutative example of a locally compact quantum group is Co(G) with comultiplication 
A : Co(G) — > Cb{G x G) given by (Af)(x, y) = f{xy), where G is a locally compact group and Cf, denotes 
the algebra of continuous bounded functions. This philosophy is followed in Q where we defined 'reduced 
C*-algebraic quantum groups' as the proper notion of a locally compact quantum group in the C*-algebra 
framework. As already explained, the most general commutative example is Cq(G) where G is a locally 
compact group. Further the theory unifies compact quantum groups and Kac algebras and it includes 
known examples as the quantum Heisenberg group, quantum £'(2)-group, quantum Lorentz group and 
quantum az + fo-group. Within this theory one can construct a dual reduced C*-algebraic quantum group 
and prove a Pontryagin duality theorem. 

On a technical level it is often more easy to work with von Neumann algebras rather than C*-algebras, 
certainly when dealing with weights. So, already in @], we associated with every reduced C*-algebraic 
quantum group a von Neumann algebraic quantum group and we used it to prove several results on the 
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C*-algebra level. The first aim of this paper is to give an intrinsic definition of a von Neumann algebraic 
quantum group and to associate with it, in a canonical way, a reduced C*-algebraic quantum group. This 
can be thought of as the quantum analogue of the classical result of Weil (see |l7], Appendice I] ) , stating 
that every group with an invariant measure has a unique topology turning it into a locally compact group. 

A second aim of this paper is to prove some new results on both C*-algebraic and von Neumann algebraic 
quantum groups, which are indispensable for applications. In our definition of either C*-algebraic or von 
Neumann algebraic quantum groups we assume the existence of left and right invariant weights. But the 
property of invariance we assume is quite weak, and in this paper we show how a much stronger notion of 
invariance can be proved. The same kind of result is stated for Kac algebras in [Q], but not proved. The 
first proof was given by Zsido in [ p~Q| | (see also remark 18.23 in fl2]]). This stronger invariance property 
is needed whenever an action of a von Neumann algebraic quantum group on a von Neumann algebra 
appears: see || and jL3|, but also [9 for Kac algebra actions, and it will certainly be useful in future 
investigations as well. 

Further we will complete the picture of the quantum group and its dual with several formulas giving a 
link between the antipode of the quantum group and the modular theory of its dual. Roughly speaking 
we obtain that 

f*A(x)=A(S(x*)) 

for nice x € M , where M is the von Neumann algebraic quantum group, A is the GNS-map of the left 
invariant weight ip on M , S is the antipode and T is the operator appearing in the modular theory 
of the left invariant weight ip on the dual von Neumann algebraic quantum group: it is the closure of 
A(lj) h- > A(oj*) where A is the GNS-map of (p. To these results and formulas will be referred in further 



research, see e.g. U and Jl3 



We end this introduction with some conventions and references concerning weights and operator valued 
weights. 

We assume that the reader is familiar with the theory of normal semi- finite faithful weights (in short, 
n.s.f. weights) on von Neumann algebras. Nevertheless, let us fix some notations. So let ip be a n.s.f. 
weight on a von Neumann algebra M. Then we define the following sets: 

1. = { x G M + | ip(x) < oo }, so M. + is a hereditary cone in M + , 

2. M v = {x G M | x*x G M+ }, so Mm is a left ideal in M, 

3. A4ip — the linear span of Ml + in M, so Mi v is a *-subalgebra of M. 

There exists a unique linear map F : Mi v — ■> C such that F(x) — <p{x) for all x G For all x G Mi Vl 

we set <p(x) = F(x). 

A GNS-construction for ip is a triple {H v , it v , A v ), where H v is a Hilbert space, ir v : M — > B(Hm) is 
a normal *-homomorphism and A^ : Mm — > H v is a cr-strong* closed linear map with dense range such 
that (1) {A (p (x),A lp (y)) = (p{y*x) for all x,y £ Af v and (2) A v (xy) = n v (x)A v (y) for all x G M and 
y 6 Mm. As usual we introduce the closed densely defined linear operator T in H v as the closure of the 
map A v (x) i—* A v (x*) for x £ M v n M*. Making the polar decomposition T = JV^ of T we obtain the 
modular operator V and modular conjugation J of <p with respect to the GNS-construction (H v , tt v , A v ). 

Consider two von Neumann algebras M , N . Let tp be a n.s.f. weight on M with GNS-construction 
{Hp, Km, A^) and let tp be a n.s.f. weight on TV with GNS-construction (H^, n^, Aw,). The tensor product 
weight ip ® ip is a n.s.f. weight on M ® TV (see e.g. definition 8.2 of [|l2| for a definition). This tensor 
product weight has a GNS-construction (H v ® H^,, -k v ® n^, Am <8> A^,) where A^^A^, : M v ^ — > Hm®H^ 
is the cr-strong* closure of the algebraic tensor product Am A^, : Mm M$ — > H v -ff^, . 

Let M be any von Neumann algebra. For the definition of the extended positive part M+j t we refer to 
definition 1.1 of [§. For T e M+ t and w G M+, we set (T,w) = T(w) G [0, oo]. Recall that there exists 
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an embedding M + <—* M+^t '■ % * x> such that (x", cj) = w(x) for all a; € M + and 6 M+. We will use 
this embedding to identify A/ + as a subset of M^. 

Consider a von Neumann algebra M and a von Neumann subalgebra N of M. The definition of an 
operator valued weight from M to N is given in definition 2.1 of 

Now consider two von Neumann algebras M and N and a n.s.f. weight ip on M. We identify N with 
C (8 A" as a von Neumann subalgebra of M ® JV to get into the framework of operator valued weights. 
The operator valued weight 99 ® t : (M (8 A^) + — > N+ Xt is defined in such a way that for x S (M (8 iV) + , 
we have that 

^((99 <8 i)(x)) = ^((t® w)(x)) . 
As for weights we define the following sets: 

1. M+® t ={xe{M® N)+ | (if <8 l){x) e }, so M+ 9l is a hereditary cone of (M ® A^) + , 

2. A/ V ® t = {i£l®JV x*x € J 0t }, so A/^®,, is a left ideal in M ® JV, 

3. M^®,. = the linear span of M,t^ t in M ® N , so A^ign is a *-subalgebra of M (8) N, 

There exists a unique linear map G : Aip® L — > A~ such that G(x) = (99 ® t)(x) for all a; € A4J' ( g )t . For all 
x G -M^gn, we set (99 (8 — G{x). Let a e M v and 6 6 AT. Then it is easy to see that a (8 b belongs 
to M V ® L and (99 ® t) (a ® 6) = 99(a) 6. 

Thanks to the remark after lemma 1.4 of 0, we also have the following characterization of A'fjg,,,: Let 
x S (M <8 N) + , then x belongs to <4> ^((t <8 w)(x)) < 00 for all uj e Af+. 

Let x 6 A/^igit and w € Af*. The inequality (t (8 w)(x)*(i <8 w)(x) < ||u>|| (i <8 |w|)(x*x) will imply that 
(l ® w)(x) € A/^ and 

||A v ((Kg)w)(x))|| < ||w|| IK99® t)(x*x)||* . 

When L is some set of elements of a space we denote by (L) the linear span of L and by [L] the closed 
linear span. The symbol (8 will denote either a von Neumann algebraic tensor product or a tensor product 
of Hilbert spaces and l will denote the identity map. Finally we use the symbol X to denote the flip map 
from M (8 N to N <8 M, where AT and M are von Neumann algebras. We use E to denote the flip map 
from H (8 K to K (8 H when H and K are Hilbert spaces. 



1. Von Neumann algebraic quantum groups 

We state the definition of a von Neumann algebraic quantum group and discuss how the C*-algebraic 
theory can be translated to the von Neumann algebraic setting. The major difference between both 
approaches is the absence of density conditions in the definition of von Neumann algebraic quantum 
groups: these will follow automaticly! 

Definition 1.1. Consider a von Neumann algebra M together with a unital normal * -homomorphism 
A : M — ► M 18 M such that (A (8 t)A = (1 (8 A)A. Assume moreover the existence of 

1. a n.s.f. weight (p on M that is left invariant: <p((u> <8 t)A(x)) = (p(x)u(l) for all to £ M+ and 
xeM+. 

2. a n.s.f. weight ip on M that is right invariant: tj){{i (8 w)A(x)) = ip(x)(v(l) for all lo G M+ and 

xeM+. 

Then we call the pair (M, A) a von Neumann algebraic quantum group. 

In the next part of this section we will list the essential properties of these quantum groups. Most of 
the time the proofs in S can be easily translated to the von Neumann algebraic setting by replacing the 
norm and strict topology in the considerations by the <r-strong* topology. However, some care has to be 
taken to prove the density conditions and we will discuss this in detail. 
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For the rest of this section we fix a von Neumann algebraic quantum group (M,A). Without loss of 
generality, we may and will assume that M is in standard form with respect to a Hilbert space H. 
At the same time we fix a n.s.f. left invariant weight tp on (M, A) together with a GNS-construction 
(H, t, A) (which is possible because M is in standard form). We let V denote the modular operator and 
J the modular conjugation of tp with respect to this GNS-construction (H, i, A). 

We also choose a n.s.f. right invariant weight tp on (M, A) together with a GNS-construction (H, l, T) 
(later on, we will introduce some canonical choice for tp and T). 

By left invariance of <p, we get that (u> ® l)A(x) G AL and ||A((u; ® i)A(x))|| < ||w|| ||A(x)|| for all 
x G A/^ and cj G M*. Arguing as in result 2.6 of ||, we also get for a, 6 G A"^ and a: G A^ that 
(^t)(A(6'i)(a«l))£^ and ||A((^ ® t)( A ( b *^)( a ® !))) II < ll r («)ll \\ r ( b )\\ ll A ( c )ll- 



Along the way to the proof of theorem |1.2| , one also translates proposition 3.15 of [|S|, giving rise to the 
important equalities 

H = [A((a;® l)A(x)) I x 6jV,,,iii G M*] (1.1) 
= [A((^ ® t)(A(b*a;)(a ® 1))) | a; €Af,p,a,be M$] ■ (1.2) 

The left invariance of ^ implies that A(y)(x ® 1) € for all x,y € AL and that 

((A ® A)(A(yi)(xi ® 1)), (A ® A)(A(y 2 )(a:2 ® 1))) = (A(xi) ® A(yi), A(a; 2 ) ® A(y 2 )> 

for all xi, X2, yi, y 2 G A/^. The proof of the next result is an easy translation of the proof of theorem 3.16 
of §. 

Theorem 1.2. There exists a unique unitary element W G B(H ® H) such that W*(A(x) ® A(y)) = 
(A® A)(A(y)(a;<8> 1)) for all x,y eA^. 

It should be noted that (u> ® t)(W*)A(:r) = A((w i)A(x)) for all x G A^ and u> G B(H)* (see e.g. result 
2.10 of ||]). Using the commutant theorem for the tensor product of von Neumann algebras, this implies 
that W is a unitary element in M® B(H). 

Using the formula for W* above, one sees that A(x) = W*(l®x)W for all x G M. Applying the techniques 
of proposition 3.18 of M, one checks that W satisfies the pentagonal equation: W12W13W23 — W23W12. 
We call W the multiplicative unitary of (M, A) with respect to the GNS-construction (H, l, A). 

It goes without saying that all these results also have their right invariant counterparts. For later purposes 
we introduce the unitary element V G B{H) ® M such that V(T(x) ® F(y)) = (F ® T)(A(x)(l ® y)) for 
all x, y G A/^,. As in result 2.10 of ||, one proves that 

(w r (a),r(6) ®i)(F*) = i){A{b*){a® I)) for all a,beAf^. (1.3) 
The proof of proposition 3.22 of H survives the translation to the von Neumann algebra setting. Com- 



bining this with equation (1.2) we arrive at the following conclusion. 

Proposition 1.3. There exists a unique densely defined closed antilinear operator G in H such that 

( A((V> ® i)(A(x*)(y ® 1))) I x, y G N; A^ ) 

is a core for G and 

GA((V» ® 0(A(a;*)(y ® 1))) = A((V> ® i)(A(y*)(x ® 1))) 
/or x, y G A/"* A/"^. W^e /icwe moreover that G is involutive. 

By taking the polar decomposition of G, we get the following essential operators in H. 

Notation 1.4. We define N = G*G, so N is a strictly positive operator in H. We also define the 
anti-unitary operator I on H such that G = I . 
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Because G is involutive, we have that I = I* , I = 1 and / N I = N . 

A careful analysis of the proof of proposition 5.5 of ^ reveals that this result remains true in the present 
setting. By equation ( jOj ) and the techniques used in the proof of proposition 5.8 of this is equivalent 
to saying that 

l)(V*)GCG( t)(V*) and ( i)(V)G* C G* ( 

for all v,w <E H. Hence, appealing to the proof of result 5.10 of we arrive at the vital commutation 
relation 

V(V^ ® N) = (V* ® JV)V , (1.4) 

where denotes the modular operator of -0 with respect to the GNS-construction (H,l,T). 

Up till now, we did not need the density conditions that are present in the definition of reduced C*- 
algebraic quantum groups (see definition 4.1 of Q). This is the case because we were only working on 
the Hilbert space level for which the relevant density conditions are already established in equations ( p~4| ) 
and (1.2). In order to further develop the theory along the lines of ||, we will now prove similar density 
conditions on the level of the von Neumann algebra M. The idea of the proof is taken from || 2.7.6]. 

Proposition 1.5. Denoting by ~ the a-strong* closure we have 

AI = ((cj <g) t)A(x) | x € M, cu e M*}~ 
= ((i® w)A(x) \ xeM,cj£ M»)~ 
= {(uj(g>L){V) | lu e B(H)*}~ . 
Proof. Define %p to be the Tomita *-algebra of ip. From formula ( |l.3[ ) it follows that 
000 | u E B(H)*}~ = ((^®t)((ca*® 1)A(6)) | a, b e c e %/,}- 

= ((i/.®i)((«*®l)A(&)(a*(c)®l)) | a,be JV f ceT^)- 
= ((w <g> t)A(x) a;6M,we M*)~ . 

Now we define 

M r = ((w ® i)A(x) | x € M, w e M*)~ . 
Because V is a multiplicative unitary the linear space {(cu ® i)(^0 | w e P(if)*} is an algebra that acts 
non-degenerately on H. Because M r is clearly self-adjoint, we get that M r is a von Neumann subalgebra 
of M. Working with the von Neumann algebraic quantum group (M, XA) instead of (M, A) we obtain 
that also 

Mi = ((t<g> w)A(x) I x G M,w e M*)~ 

is a von Neumann subalgebra of M. Observe that it follows from the commutant theorem for the tensor 
product of von Neumann algebras that A(x) gMj® M r for all x £ M. 

Then we conclude from equation ( |l.4[ ) that it is possible to define a one-parameter group (r*)teR of 
automorphisms of M r by 7t(a;) = N~ lt xN lt for all a; S M r and t€l. It also follows from equation ( p~i| ) 
and the fact A (a;) = V(x ® 1)V* for all x € M, that we have A (erf (x)) = (erf O r_ t )A(x) for all x e M 
and tet, which makes sense because A(x) € M ® M r . For the same reason we can write 

Mj = {(igiw)A(i) | a; € M,w € (Afr)*}~ 

and because crf((i <S> w)A(x)) = (i ® uiT t )A(af (x)) for all w G (M r )* and x € M, we get af(Mi) = Mi 
for all t € K. By the right invariance of ip it follows that the restriction ipi of ip to M; is semifinite. By 
Takesaki's theorem (see e.g. 12, 10.1]) there exists a unique normal faithful conditional expectation E 
from M to Mj satisfying ^(x) = ipi(E(x)) for all x e M+. From ||, 10.2] it follows that E(a;)P = PxP 
for all x S M, where P denotes the orthogonal projection onto the closure of T(Af^ D Mj). So the range 



6 



of P contains r((t<8> w)A(x)) for all ui £ M* and x £ Af^p. By the right invariant version of equation ( |j~l| ) 
we get that P = 1. So 23 is the identity map and Mi = M. 

Working with the von Neumann algebraic quantum group (M, XA) we obtain M — M r . We already 
proved that M r is the cr-strong* closure of {(oj <g> l)(V) \ us £ and so this concludes the proof of 

the proposition. ■ 

Because we have proved that (M, A) satisfies the above density conditions, it is straightforward to trans- 
late the rest of the the proofs in S to the von Neumann algebraic setting. In the following part of this 
section, we collect the most important results (we will not stick to the order as they appear in [^j). 

Uniqueness of invariant weights. An essential result is the uniqueness of left and right invariant 
weights. If 9 is a normal semi-finite left invariant weight on (M, A), then there exists a non-negative 
number r such that 8 — rip. A similar result holds for right invariant weights. 

The antipode and its polar decomposition. The antipode of our quantum group is defined through 
its polar decomposition. There exists a strongly continuous one-parameter group r on M such that 
r t (x) — N~ lt xN lt for all x £ M and t £ K. At the same time, we have a *-anti-automorphism R on M 
such that R(x) = Ix*I for all x £ M. 

Then R 2 = i, R and t commute and we define S = Rt-^ = T -iR- Note that these 3 properties determine 
the pair R, r completely in terms of the map S. The map S : D(S) C M — > M is a u-strongly* closed 
map with cr-strong* dense domain and range that is determined by (M, A) through the following so-called 
strong left invariance properties. 

We have for all a,b £ Af v that (i ® y>)(A(a*)(l <S> b)) £ D(S) and 

S((l <g> p)(A(a*)(l ® 6))) = (t® V)((l ® a*)A(6)) . (1.5) 

The space ( (t (g> <^)(A(a*)(l 6)) | a, b £ N v ) is a core for S. A similar result holds for right invariant 
weights (see proposition 5.24 of [||). For other characterizations of S we refer to proposition 5.33 and 
corollary 5.34 of g. 

We refer to S as the antipode of the quantum group (M, A). The one-parameter group r is called the 
scaling group of (M, A), the map R is called the unitary antipode of (M, A). 

There also exists a unique strictly positive number v such that cprt — v~ l ip for all t £ R. We call v the 
scaling constant of [M, A). In connection with this relative invariance, it is useful to define the strictly 
positive operator P in H such that P lt A(x) — vi A(r t (x)) for all £ € K and x £ J\f v . We observe that 
Tt (x) = P lt xP~ lt for all t £ K and x £ M. 

The right Haar weight and the modular element. Because we have the equation X(i?<g>i?)A = Ai?, 
we get that ipR is a right invariant n.s.f. weight on (M, A). From now on we suppose that ip = ipR. Let 
a' denote the modular group of ip. Remember that a' t = RtJ-tR for all t £ R. We have that ipa' t = v l (p, 
ip(T t = v~ l ip and ipT t — v~ f tp for all tel. 

By the Radon Nikodym theorem 5.5 of Jl4| ], we get the existence of a unique strictly positive element 5 
affiliated to M such that cr t (<5) = v 1 5 for all t £ K and ip = tp$ (see definition 1.5 of [jl4| for the precise 
definition of ips). Formally we have ip(x) = ip(S 1 ^ 2 xS 1 ^ 2 ). The element 6 is called the modular element 
of (M, A). 

We have that A(S) = 5® 8, R(S) = 5- 1 and r t (5) = S for all t £ K. 

Now we choose the GNS-construction (H, i, T) for ip such that r = A<5 (see the remarks before proposition 
1.15 in H for a precise definition of Ag). We denote the modular operator of ip in this GNS-construction 
by W . Recall that vi J is the modular conjugation of ip with respect to this same GNS-construction. 
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The fundamental commutation relations. A full-fledged theory of quantum groups would be im- 
possible without the following list of commutation relations. 

1. The one-parameter groups t, a and a' commute pairwise. 

2. For all i € R we have 

Aa t = (Tf®CT t )A Aa' t = (o^®T_ t )A ^ . 

Ar t = (T t ®r t )A Ar t = (cr t ® </_ t )A 1 ' J 

3. On the Hilbert space level, we get that 

{I®J)W = W*{I®J) (1.7) 
(JV _1 (g)V)W = ^(iV- 1 (8 V) (1.8) 



The dual von Neumann algebraic quantum group. The multiplicative unitary W is manageable 
in the sense of |l8| with P as the managing positive operator (see proposition 6.10 of Q). We follow 
more or less chapter 3 of Q to obtain the Haar weight on the dual von Neumann algebraic quantum 
group (see section 8 of || for the proofs of the next results) . 

Definition 1.6. Define M to be the a-strong* closure of the algebra { (u> <£> i)(W) \ u) G B(H)* }. Then 
M is a von Neumann algebra and there exists a unique unital normal * -homomorphism A : M — > M ® M 
such that A{x) — TiW(x <X> 1)W*S for all x G M. The pair [M , A) is again a von Neumann algebraic 
quantum group, referred to as the dual of (M, A) . 

The predual is a Banach algebra if we define the product such that w9 = (u 0)A for all u>, 9 6 ill* 
(of course, should be thought of as the space of L 1 -functions of M). Moreover, the map A : A/* — > 
M : u> i— ► (u> ® i)(W) is an injective morphism of algebras. 
Let us recall the construction of the dual weight (p. First of all, we define 

I={w£M,| 3M £ R+ : \u(x*)\ < M \\A(x)\\ for all x € N v } . 

By the Riesz theorem for Hilbert spaces there exists for every uo £ X a unique element € H such 
that uj(x*) = A(x)) for all x G Mm. Then X is a left ideal in M*, the map X — > i? : w h- > ^(cj) is 

linear and A(ry)^(tj) = £(r]uj) for all 77 € M* and cu E X. 

There exists a unique cr-strong*-norm closed linear map A, with tr-strong* dense domain -D(A) C M, 
into H such that A(3") is a cr-strong*-norm core for A and A(A(w)) = ^(w) for all lo EX. The dual weight 
is the unique n.s.f. weight on M having the triple (H, t, A) as a GNS-construction. It turns out that 
(p is left invariant with respect to (M, A). We denote the modular group of ip by o - . 

We denote the antipode, unitary antipode and scaling group of (M, A) by S, R and f respectively. The 
scaling constant of (M, A) is equal to z^ 1 . Define the right invariant n.s.f. weight i/j on (M, A) as 
V> = 0R. The modular group of %j) will be denoted by a'. Denote the modular element of (M, A) by <5. 
Referring to the fact that ip = <pg, we define the GNS-construction (H, l,T) such that T = A?. 

The modular operator and modular conjugation of ip with respect to (H, t, A) will be denoted by V and 
J respectively. We will denote the modular operator of ip with respect to (H, l, T) by V ■ 
It is also worth mentioning that P lt A(x) = v~i A(f t (x)) for all t G M and x G Ms, which means in a 
sense that P = P. 



Finally we mention that M n M = C. 
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Pontryagin duality. As in the previous paragraph, we can also construct the dual (M, A) of (M, A). 
Notice that the construction of the dual depends on the choice of the GNS-construction of the left Haar 
weight. If we use the GNS-construction (H, t, A) for the construction of the dual (M, A) , the Pontryagin 
duality theorem tells us that (M, A) = (M, A). We even have that <p — <p and A = A. 
Since (M, A) = (M, A), we get that I = 5. Hence t = Ag = T. 

From von Neumann algebraic to C*-algebraic quantum groups. In ||, we associated to any 
reduced C*-algebraic quantum group a von Neumann algebraic quantum group by taking the er-strong* 
closure of the underlying C*-algebra in the GNS-space of a left Haar weight. In the last part of this 
section we go the other way around by introducing a C*-algebraic quantum group. 

To distinguish between von Neumann algebraic and C*-algebraic tensor products we will denote the 
minimal C* -tensor product by (£> c . 

Proposition 1.7. Define M c to be the norm closure of the space { (t ® cu)(W) | co G B(H)* } and A c to 
be the restriction of A to M c . Then the pair (M C) A C ) is a reduced C* -algebraic quantum group. 

Proof. Because W is manageable and A c (a;) = ® x)W for all x G M c , propositions 1.5 and 5.1 of 

Jis) imply that M c is a C*-algebra, A c is a non-degenerate *-homomorphism from M c into the multiplier 
algebra of M c <g> c M c , such that (A c (g) c i)A c = (t® c A C )A C and both A c (Af c )(M c ® 1) and A C (M C )(1 ® M c ) 
are dense in M c £g) c M c . 

Now define <^ c and ip c to be the restriction of ip and ^ to M c + respectively, giving you two faithful lower 
semi-continuous weights on M c . 



By equation fll.7p we get that (I®J)W(I®J) = W* , implying that R{(l® uj ViW )(W)) = {l®ujj w ,j v ){W) 
for all v,w G H. It follows that R(M C ) = M c . Define R c to be the restriction of R to M c . Then R c is a 
*-anti-automorphism of M c satisfying X(i? c (g) c i? c )A c = A C R C . It is also clear that ip c = <p c R c . 
For a, 6 G AO, and c G A/^, we have that 

(V> ® t)(A(6*c)(a ® 1)) = R((i ® p)((l ® R(a))A(R(c)R(b)*))) = ® w A(fl(c)fl(6 ). )iA(Jl (a)*))(W)) , 
which implies that M c = [ (/0 (8 t)(A(6*c)(a ® 1)) | a, 6 G A/^, cGJV p ]. 

We know that (V> ® t)(A(6*c)(a ® 1)) G A/^ and thus (ip ® t)(A(6*c)(a ® 1)) G A/"^ for all a,b E and 
c e A/" v . It follows that y; c is densely defined. 

Define A c to be the restriction of A to Af Vc . Equation ([T^) guarantees that A c (Af Vc ) is dense in H. 
Therefore (H, t, A c ) is a GNS-construction for y> c . 



Equation (|L|) tells us that (A -1 ® V)VK = W^A -1 ® V) implying that 

T{((l® )(W)) = (i®w v « )(W) (1.9) 

for all v,w £ H and tel. Hence r 4 (M c ) = M c for all t 6 t. Define the one-parameter group r c on M c 



by setting r t c = r t fM c for all t G R. Notice that equation ( |l.9[) implies that r c is norm continuous. 
Since A C (M C )(1®M C ) is a dense subset of M C <8> C M C , we get that M c = [ (i®u>)A(a;) | w € B(H)*,x G M c } . 
Equation ( [Tq 1 ) implies for all t £ R, w € B(H) t and cc G M c that 

tr t ((t ® w)A(x)) = ® wo-;)A(T 4 c (a;)). (1.10) 

Therefore at(M c ) = M c for all t G R and we can define a one parameter group a c on M c by setting 
<7j = (Tt \m c for all i6l. Equation ( l.lOj ) implies that er c is norm continuous. 



By now it is clear that ip c is a KMS-weight on M c (in the C*-algebraic sense) with cr c as its modular 
group. Because ip = <fiR, we also get that ip c is a KMS-weight on M c . 

Take w G (Ms)+ and x G Choose ?7 G B(H)+. On the C*-algebra M c we can make a GNS- 

construction for the positive functional to. This way we obtain a Hilbert space K, a non-degenerate 
representation it of M c on K and a (cyclic) vector v G A such that w = LJ v<v ir. By theorem 1.5 of |Q we 
know that W belongs to the multiplier algebra of M c ® Bq(H), where Bq(H) denotes the C*-algebra of 



<) 



compact operators on H . Hence the unitary U defined by U := (it <£> c l)(W) belongs to B(K) ® B(H). 
Define 6 G B(H)+ by setting 6{x) = (uj v , v <g> T])(U*(1 <g) x)Z7) for all x G £(#). Then 

(77 t )A((w ® 4)(A (a;))) = (»? ® 0((" ®c t O c 0((^c ®c t)A c (a;))) 

= (rj® ®i® 0(^12^(2)23^12)) = (0®i)A(a:) . 

Therefore the left invariance of (p implies that (77 ® t)A((u; (8> c i )(^c(^))) belongs to and 

^((77 ® i)A((w ® c 0(Ao(aj)))) = 0(1) p(a;) = w(l) r/(l) ^ c (x) . (1.11) 

Translating proposition 5.15 of || to the von Neumann algebra setting, we now conclude that (u> ® c 
t)(A c (x)) belongs to Mt and therefore to -M+ c . 



Taking 77 G B(H)* such that 77(1) = 1, equation (1.11) and the left invariance of ip imply that 



<p e ((w ® c l){A c {x))) = tp((to <gs c t)(Ac(x))) = ® i)A((w ® c t)(Ac(»)))) - w(l) tp c (x) . 

So we have proven that <p c is left invariant in the sense of definition 2.2 of || . Because X(R C ® C R C ) A = Ai? c 
and V'c = ^c-Rc we also get that ip c is right invariant. From all this we conclude that (M c , A c ) is a reduced 
C*-algebraic quantum group. ■ 

The GNS-construction [H, 1, A c ) for ^ c was obtained by letting A c be the restriction of A to M Vc . By the 
definitions introduced at the end of section 4 in H , it is clear that this implies that W is the multiplicative 
unitary of (M c , A c ) in this GNS-construction (H,l,A c ). 

Since o~l and T t c are restrictions of o"t and r t respectively, it is clear that (r t c ® <Tj )A = Acr^ for all ( e K, 
and so the density conditions imply that r c is the scaling group of (M c , A c ). It follows that v is also the 
scaling constant of (M c , A c ). Letting S c denote the antipode of (M C) A C ), proposition 5.33 of H and its 
von Neumann algebraic counterpart imply that S c C S 1 . Since t c is the scaling group of (M c , A c ) and R c 
was obtained by restricting R to M c , this implies that R c is the unitary antipode of (M c , A c ). 
Following ||, we associate to the reduced C*-algebraic quantum group (M C ,A C ) the von Neumman 
algebraic quantum group (M c , A c ) by letting M c be the cr-strong* closure of M c and defining A c to be 
the unique normal *-homomorphism from M c to M c <S> M c extending A c . It follows from proposition L5 



that (M C ,A C ) = (M, A). We get similar results for the extensions of the Haar weights, their modular 
groups, the scaling group, the unitary antipode and the antipode itself. 



2. Commutation relations and related matters 



In this section we establish some useful technical properties about von Neumann algebraic quantum 
groups that are often used when working in the operator algebra approach to quantum groups. We start 
of by implementing the scaling groups and unitary antipodes. Then we prove some results concerning 
the dual and end by formulating some commutation relations. 

We still have fixed a von Neumann algebraic quantum group (M, A) and we use the notations introduced 
in section [l| 

Proposition 2.1. The following properties hold 

Tt (x) = V'^r*' for all t ER,x G M R(x) = Jx*J for all x G M 

T t (x) = V lt a;V~ 4 * for all t eR,x G M R(x) = Jx*J for all x G M 

Proof. By propositions 8.17 and 8.25 of ||, we know that R[x) — Jx*J for all x G M. Therefore the 
Pontryagin duality theorem guarantees that also R(x) = Jx*J for all x G M. 

Choose x G M. By lemma 8.8 and proposition 8.9 of Q we know that V lt = P lt JS lt J, and so we get 
that V'^r" = P lt J5 lt JxJ8- lt JP- lt . But Tomita-Takesaki theory tells us that JS lt J belongs to M' , 
implying that V*'ir" = P lt xP~ lt = r t (x). 



in 



Pontryagin duality allows us to conclude that f lt (x) = V lt xV lt for all t G M and x S M. m 

We have that (P® P)(VF) = VF and (r t ®r t )(W) = W for all t € K (see the remarks before propositions 
8.18 and 8.25 of g). Hence the next result. 

Corollary 2.2. We have the following commutation relations: 

W(V ® V) = (V ® V)W and W( J <g> J) = ( J ® J)VK* . 

Notice that for the same reasons, W(P ® V) = (P ® V)W and VF(V ® P) = (V ® P)W. 

In the next part, we complete the picture of the dual. For this reason, let us introduce a natural *-algebra 
inside M*. 

Definition 2.3. Define the subspace M\ of M* as 

Mj ={weM,|3«€M*: 0(sb) = 57(5(a;)) /or aiZ x e D(S) } . 

We define the antilinear mapping .* : Mj — » M* smc/i i/iai u>*(x) = uj(S(x)) for all uj £ Ml and x £ D(S). 
Then Ml is a subalgebra of M* and becomes a * -algebra under the operation .* . 

If x £ D(S), then S(x)* £ D(S) and S(S(x)*)* = x (which follows from the corresponding property for 
r_|. ). This implies that .* is an involution on M\, If uj and r/ are elements in M* such that ujS and 

t/S 1 are bounded and their unique continuous linear extensions (ojS) and (t]S) belong to M*, then (wr))S 
is bounded and (^S 1 ) (wS) is its unique continuous linear extension (cfr lemma 5.25 of ||). From this, 
it follows that Ml is a subalgebra of Af* and that .* is antimultiplicative. Notice that, since S can be 
unbounded, Ml can be strictly smaller than M*. 

For w S B(H)*, the element (t ® u;)(W) belongs to £)(£) and 5((t ® w)(W)) = (i ® The space 

{ (t ® o>)(W) | S B(H)* } is moreover a cr-strong* core for S. (see proposition 8.3 of ||). We use this 
characterization of 5 to prove the next result. 

Proposition 2.4. TTie following holds : 

1. Mj ={u€M,|39eM»: A(w)* = A(0) }. 

2. A(w)* = A(w*) /or all uj £ M"J. 

Proo/. Take w G M*. Then we have for all r] £ B(H)* that 

uj(S((i ® r/)(VF))) = 57((t ® r/)(VF*)) = ® 00*T) = viK^T) ■ (2-1) 

If cj G M| then the formula above implies for all 77 G B(H)* that 

»?(A(w*)) - fj((w* ® OW) = ® »7)(W0) = »7(A(w)*) , 
and hence A(cj*) = A(w)*. 

Now suppose that there exists 9 £ M* such that \(lu)* = X(9). By formula ( |2.1| ) above, we get for all 
77 G B(H)* that 

57(S((i ® »?)(W))) = r/((6» <g> l){W)) = 9{{l ® »j)(W)) . 

Because such elements (t ® 77) (T 7 ^) form a cr-strong* core for 5, we get ZJ(S(x)) = 9{x) for all x £ D(S). 
So uj belongs to M|. ■ 

It is easy to prove that Mj is dense in M* implying that the *-algebra A(Af|) is cr-strong* dense in M. 
For later purposes, we will need a result which gives a little bit more information. 
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Lemma 2.5. The spaces X n AfJ and (X n Mi)* are dense in M* and A(X (~1 Mj!) is a a -strong* -norm 
core for A. 

Proof. Consider w el. For every neN and z G C, we define oj(n, z) £ M* as 

u)(n, z) = —= / cxp(— n 2 (t + z) 2 ) ojT t dt . 
V n J 

So we have for x £ D(S) that x £ D(t_±) and thus 

Ufaz)(S(x)) = J exp(-n 2 (t + z) 2 )uj(T t (S(x)))dt 
= -^= / cxp(-n 2 (t + z) 2 )w( J R(r t _ ± (x))) 



'7T 



exp(-n 2 (t + i + z) 2 )ZU(i?(r t (a;))) dt , 

from which we conclude that w(ri, 2) G M| and 

w(n,z)* = -^= / exp(-n 2 (t + - + zf)WRT t dt . (2.2) 

V T J 2 

It is easy to check that for every t £ K we have wr* G I and £(wrt) = v~t- P~ lt £(uj). Therefore the 
closedness of the mapping 77 1— > £(rj) implies that u)(n, z) £ X and 

£(w(n, z)) = ^= I cxp(-n 2 (t + z) 2 ) P -i *£(u;) dt . (2.3) 



(1) Let uj £ X. Then we have for every n £ N that u(n,0) £ X D Ml. Clearly, (u(n,0))^L 1 converges 
to uj. Equation ( |2.3| ) implies that (£(u;(n, 0)))°^_ 1 converges to £(oj). In other words, (A(A(a;(n, 0))))°^_ 1 
converges to A (A (a;)). Since X is dense in M* and A(X) is a core for A, we conclude that X D M* is dense 
in A/* and that A(Ifl AfJ) is a er-strong*-norm core for A. 

(2) Let uj £ X. Then we have for every n £ N that w(n, |) G 2" D AfJ and 

uj(n,-)* = —= / cxp(—n 2 t 2 )ZJRT t dt 
2 \/7T ./ 



by equation fl2.2j). So 3)*)^! converges to wi?. From this all, we conclude that (In Ml)* is dense 

in M* . 



Proposition 2.6. De/me l'={ielfl Af| | x* G X } . T/ien X^ is a* -subalgebra of Ml such that X s is 
dense in M* and A(X") is a a -strong* -norm core for A. 

Proof. It is clear that X" is a *-subalgebra of Af|. Because X is a left ideal in M», we get that (X n 
M|)*(J n AfJ) C J*. Thus in order to prove that X* is dense in M* , it is by the previous lemma enough 
to prove that (M») 2 is dense in Af*. But we have for all v £ H with ||y|| = 1, Wi,wi £ H and x £ M that 

(A(x)W*(v<E)w 1 ),W*(v<E)w 2 )) = (xwi,w 2 ) , 

which easily implies that (M*) 2 is dense in M*. Hence X" is dense in M*. 

Since I n M; is dense in M*, 1 belongs to the cr-strong* closure of A(Jn AfJ)*. Combining this with the 
fact that \(I n M|) is a cr-strong*-norm core for A and the inclusion A(X n AfJ)*A(X n AfJ) C A(X b ), we 
conclude that A(X') is a cr-strong*-norm core for A. ■ 
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Let us connect the modular objects of (p to objects already constructed on the level of (M, A). 

We know that the operators P and JSJ strongly commute and that V** = P %t J8 lt J for t G R (see lemma 
8.8 and proposition 8.9 of Q). Also notice that this implies for every a G Af v that r t (a) 8~ lt belongs to 
Af v and V i4 A(a) = A(r t (a) 5~ il ). 

Put f = JVi So A(A/^ n Af~) is a core for f and fk(x) = A(x*) for all x G A/^ nA/|. 
Lemma 2.7. 77ie set A(A(X tl )) is a core /or T. 



Proof. Since T = JV2, the definition of T gives clearly that A(A(X")) C D(V^). From proposition ^6| 
we know that A(A(X")) is a dense subspace in H. 

We now use the notation p t as it was introduced in notation 8.7 of For every u> G A/* we denote by 
p t (w) the element in M* defined by p t (w){x) = w(o"~ lt T_ t (a;)). Then pt(I) = I and £(p t (u})) — \7 lt ^(uj) 
for all w £ I and < 6 M. If w e AfJ and t G R, it is not so difficult to check that pt(ui) G Mi and 
= ^(w*). It follows that p t ip) = J« for all t G R, hence <r f (A(X J )) = A( j o t (I»)) = A(X J ) for all 

t G R. 

Therefore V i4 A(A(X»)) = A(A(X»)) for all tel. We conclude from all this that A(A(X«)) is a core for V? 
(see e.g. corollary 1.21 of and the lemma follows. ■ 

Proposition 2.8. Consider x G Af v H D{S~ 1 ) sucft t/iat 5 _1 (x)* G A/" v . Tften A(x) G D(f*) and 
T*A(s) = K{S- l {x)*). 

Proof. Choose 6» G X s . Then 

(TA(A(0)),A(x)) - (A(A(0)*),A(x)) = (A(A(0*)), A(x)) = {^(e*),A(x)) . 
Therefore the definition of £(#*) and 9* imply that 



(TA(A(0)),A(x)) - 6*(x*) = 6(S(x*)) = 9(S^(x)) = (£(0),A(S-i (*)*)) 
= (A(S ,_1 (a;)*),^(^)) = (A(5- 1 (x)*),A(A(0))) . 

Thus the previous lemma implies that A(x) belongs to D(T*) and T*A(x) = A(S^ 1 (x)*). m 
This proposition allows us to establish easily a connection between G and T. Recall that the operators 



G, N and / were introduced in proposition 1.3 and notation 1.4 



Corollary 2.9. We have that f * = G, V = iV" 1 and J = 1. 



Proof. Using proposition 1.3 and the strong left invariance of ip (see proposition 5.24 of the previous 
result implies easily G C T* . 

Define the subspace C of D(G) as C = ( A((t/> ® t)(A(y*)(x ® 1))) | x,y £ Af*Af^ ). 

Let t G R. Remember that V l *A(a) = A(r t (a) a" - ") for all a G A/^. 
Choose x,y G Af*Af^>. Then r t (a?) and r t (y) belong to A/"* A/",/, and 

r t ((V <8> t)(A(j/*)(a; ® 1))) = i/« ® t)(A((<P< r t (»))*) r t (x) ® 1)) . 

Therefore the element V lt A((-0 ® t)(A(y*)(x <g) 1))) = A( rt((V> ® t)(A(y*)(a; <g> 1))) $ _it ) belongs to C. 
We conclude that C is a dense subspace of D(V~'), invariant under the family of operators V** (t 6 1). 
It follows that C is a core for V - ^ and thus a core for T* — JV~^. Combining this with the fact that 
G C T", we conclude that G — T* . Now the uniqueness of the polar decomposition implies that V = iV _1 
and J = I. m 



Combining the previous corollary with proposition 1.3 we get the following. 
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Corollary 2.10. The set 

{ A{x) \xeJV v n DiS- 1 ) such that S~\x)* G M v } 

is a core for T* . 

Recall that we introduced the GNS-construcion (H, t, T) for tp by considering tp as <ps and setting r = Ag. 
But tp is by definition equal to ipR. It turns out that J connects both pictures of tp: 

Proposition 2.11. We have for all x G Af^ that JT(x) = A(R(x)*). 

Proof. Define the anti-unitary U : H — ► H such that UT(x) — A(R(x)*) for x € Af^p. Choose a G Af v 
such that a G -els'" 1 ) and 5 _1 (a)* G 7V V . 

For n e N, we define e„ <E M such that e„ = J exp(— n 2 t 2 ) 8 lt dt . Remember that e n is analytic with 
respect to a and cr', implying that Af v e„ C J\f v and A/^ e„ C A/"^ 

Since t s (<5) = 8 we see that r s (e„) = e„ for set, hence e n £ D(r±) and Tj(e n ) = e n . By assumption, 
a G D(t±), so ae„ G D(ti) and Ti(ae n ) = ri(a)e„. Hence Ti(ae„)(5^ is a bounded operator and its 
closure equals r±(a) (<55e„). 

Define the strongly continuous one-parameter group k of isometries of M such that Kt(x) = r t (a;) for 
x G M and t e R. The discussion above implies (see e.g. proposition 4.9 of Q) that ae„ G -D(kj) and 
Ki(oe n ) = ri(a) (55 e „). 

By assumption J?(r«(a))* = S f_1 (a)* G A/"^, implying that r±(a) belongs to M^. So we see that 
K±(ae n )5~^ is a bounded operator and that its closure equals T±(a)e n G A/j/,. Since A = I^-i, this 
implies that K±(ae n ) G A/^ and 

A(/t.(se„)) = r(K|(ae„) = r(r±(a) e„) . 

We know that we have for every x G A/^ that /c t (a;) G A/^ and A(nt(x)) = V lt A(a:). Since ae n £ N v and 
K.(oe„) G Nip, we conclude (see e.g. proposition 4.4 of ||) that A(ae n ) G L>(V~^) and 

V~ 5 A(ae n ) = A(/s< (ae„)) = r(r; (a) e„) . 

Since (A(ae„))" =1 converges to A(a) and (r(r» (a) en))^^ converges to r(r« (a)), the closedness of V~2 
implies that A(a) G _D(V~^) and 

V-*A(a) = r(r 4 (a)) . 

Consequently 

{/ V~*A(o) = C/r(r f (a)) = A(i?(r f (a))*) = A(S*- 1 (a)*) = T*A(a) = JV^A(a) . 

Since such elements A(a) form a core for V~2 = JT*, such elements V" A(a) form a dense subspace of 
if. Therefore J = U and we are done. ■ 

The equality in the next corollary is a slight adaptation of corollary 3.6.2. (iv) of JlT[ ] . 
Corollary 2.12. We have that J J = i/i J J. 

Proof. As already mentioned in section ^, J 1 := isi J is the modular conjugation of tp in the GNS- 
construction (iJ, i, T). Choose x G H D{a' L ). Since o- t R = Ra' t for all t G R, we get that 
i?(x) G £>(o-_j.) and cr_ ± (i?(x)) = R(o J Ax)). Hence J?(x)* G AL n D(<7 4 ) and cr, (R(x)*) = R(aUx))*. 

2 2 2 2 2 2 

Combining this with the previous proposition and the definition of the modular conjugation, we get that 
JJT(x) = vi J J'T(x) = vi JY(a' i {x)*)=vi AiRia'iix)*)*) 

2 2 

= ui A(ai(R(x)*)*) = ^ JA(R(x)*) = ui JJT{x) . 
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Therefore J J = v 4 J J . ■ 

Recall that we denoted by W the modular operator of ij; in the GNS-construction (H, l, T) and by V the 
modular operator of -0 in the GNS-construction (7?, 1, T). 

Proposition 2.13. For all s,t£l we have the following commutation relations. 

V u V is = v ist V ls V lt and V*' W is = i/ s * V is V** (2.4) 

V i( = z/ st V ls V 1 * and V JS V i4 = V i4 V is (2.5) 

JVJ = V, JVJ^V" 1 anrf JVJ = V _1 (2.6) 

JPJ = P- 1 and JSJ = 6' 1 (2.7) 

pis yit = ytt pis and pts W it = W it pis (2.8) 

P is S a = 8 U l"~ (2.9) 
V' is S lt = v ist 6 lt V ls and W ls 8 U = u ist 8 U W is (2.10) 

V is S u = 8 U V ls and V*V = S u f* S (2.11) 

All commutation relations remain true ij we remove the * o/V,V and J if there is one, add a " to V,V 
and J if there is not one, replace v by v~ x , replace 8 by 8 and leave P unchanged. 

Proof. It is easy to check that W lt A(x) — v~ 2 A(a' t (x)) for all x G Af v . We already mentioned that 
V lt A(x) = A{T t (x)S- lt ) for all x G Af v and by definition we have \7 u A(x) = A(a t (x)) and P u A(x) = 
V? A(T t (x)) for all x G J\f v . Because r t (8) = 8 for all t € K it is easy to verify that P lt T{x) — v^T{T t {x)) 
for all x G and by definition we have W lt T(x) = T(a' t (x)) for all x G Af^. 

Using that all three one-parametergroups a, a 1 and r commute and that a t {8 ts ) — a' t (8' ls ) — i/ lst 8 zs and 
T t (8 ls ) = 5 ls for all s,t G R, it is straightforward to check the first equality in equation (|2.4[), equation 



(2.5) and equation (2.8) by applying the operators to an element A(x) with x G Af v . Using proposition 



2.11 and the fact that a t R — Ra'_ t we can check the equalities JV lt J 



vector r(x) when x G Af^. This gives the first equalities of equations ( |2.6| ) and (2/7), and the rest of 



equation (2.6) follows from modular theory, because v<t J is the modular conjugation of ip in the GNS- 
construction (H, t, r). By the biduality theorem we also get JVJ = V and JPJ = P^ 1 . Because for all 
t G E we have V J * = P lt J8 u J, we get V** = p- lt 8- u . This implies that V l *A(x) = v~i A(8- lt T_ t (x)) 
for all x G Mtp and we can check then the second equality in equation (2.4) on a vector A(x) with x G AT V . 



Because R(x) = Jx*J for all x G M and R{8) = 8 , we get the second equality of equation (|2.7j 



Equations ( |2.9| ) and ( 2.10 ) follow because P ls , V ls and V ls implement respectively r s ,tJ s and a' s on M. 



Also V ls implements r s on M and this gives the first equality of equation ( 2.11 ). Because we already saw 



that V = P ls j ,s the second equality of equation (2.11) follows immediately from equation (2.9) 



By the biduality theorem we can indeed perform the operation stated in the proposition, because 
P lt A(y) — v~i A(ft(y)) for all y G J\f<p and so in a sense P = P. m 

Recall that we introduced the GNS-maps A, T, A and T for the weights ip, (p and ip respectively. 
Using this we will define now three new multiplicative unitaries on H (g> H and relate them with our 
multiplicative unitary W we used all the time. Recall that we already mentioned V in section [j]. 

Definition 2.14. Applying the von Neumann algebraic counterpart of theorem 3.16 in Q (and its right 
invariant version) to [M, A) and (M,A), one can define the unitaries V, W and V on H ® H by the 
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following formulas. 

V(T(x) <g> T(y)) = (T (8 r)(A(x)(l O y)) for all x, y G M. 4 , 
W*{k(x)®k(y)) = (A (g) k)(A(y)(x ® 1)) /or oil J/ € A/^ 
V r (f(a:)®f(i/)) = (f ®f)(A(a;)(l® I /)) /or a/Z x,y € tfj . 

Observe that all the unitaries W, V, and V satisfy the pentagonal equation 

W 12 W 13 W 23 = W 23 W 12 . 

This could be checked directly, but it also follows from the pentagonal equation for W and the formulas 



appearing in proposition 2.15 



Almost by definition we have the following. 

A(x) = W*(l <8> x)W = V(x <g> 1)V* for all a; € M and 
A(y) = IU*(1 <g> y)W = V(y ® for all y G M. 

The relation between all these multiplicative unitaries is given in the next proposition. 
Proposition 2.15. We have the following formulas. 

W = EW*E 

V = (J <g> J)T.W*T.( j ® J) 

V = (J ® J)W(J ® J). 
5o we foaue W G M ® M, V G M' ® M and V G M' <g> M. 

Proof. The first equality follows from proposition 8.16 in H. Combining lemma 8.26 in B and our 



proposition 2.11 we get the second equality. Dualizing this we get V — ( J <E> J)ST / l / *S( J <g> J) and this 
gives the third equality after applying the first one. 

The final statement follows from the fact that W G M ® M, the previous formulas and the equalities 
JMJ = M', JMJ = M', JMJ = M and JMJ = M. The first two of these equalities follow from 



modular theory and the last two from proposition 2.1 



3. A STRONGER FORM OF LEFT INVARIANCE. 

In this section we want to prove some stronger form of left invariance of the Haar weight <p. We want 
to show that (i®tgp)(t® A) (AT) = (t (p)(X) 1 for any positive element X G N <g> M and any 
von Neumann algebra N. The same formula is stated in Q for Kac algebras, but not proved. The 
first proof for this formula in the Kac algebra case was given bij Zsido in [|l9| (see also remark 18.23 in 
|l2|). Unfortunately the proof of Zsido does not work in the case of an arbitrary von Neumann algebraic 
quantum group, where possibly r t 7^ 1. 

In our definition of a von Neumann algebraic quantum group we assumed the existence of invariant 
weights. The notion of left invariance we use, is in fact the weakest form of left invariance that one can 
assume, namely (f{(u> ® t)A(x)) = cp(x)u>(l) for all uj G M+ and x G M. J. As a special case of the next 
proposition we will get the strongest form of left invariance, namely (1® tp)A(x) = tp(x)l for all x G M + . 
Some result in between was already proved in proposition 5.15 of and will be used in the proof of the 
proposition. 

When N \s a, von Neumann algebra we denote by N+ Xt the extended positive part of N as was already 
mentioned in the introduction. In the proof of the next proposition we denote by (•, •) the composition 
of elements in N+ Xt and . 
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Proposition 3.1. Let N be a von Neumann algebra and X G (N <g M) + . Then we have 

{i ®b® <p)(l <g A)(A) = (i (g) <p)(X) <g) 1. 
Here both sides of the equation make sense in (N <g M)^ t . In particular we get 

(i(g)(f)A(x) = <p(x)l 

for all x e M+. 

Proof. We will prove the proposition for the dual von Neumann algebraic quantum group (M, A) . Because 
of the biduality theorem this proves the stated result. We also represent N on a Hilbcrt space K and 
then it is enough to prove the proposition in case N = B(K). 



(T(P„), w c ) = #((w c <g ® V)( p v ® !)(! ® t> *)) 

= ^((ke, 8> ® 1)(1 ® ^*)))*N, ei ® t)((-Prj ® ® V"*)) 

= ^(((w^ ® 0(1 ® ® 0(1 ® V"*) 



Recall that we introduced the multiplicative unitary V in definition 2.14. Then define for every z £ 
B(K (g H) + the element T(z) € i?(AT (g -ff)^ by the following formula, which makes sense because 
V S (g M. 

T(js) = (t® V")(*® 1)(1® V"*)). 

When r/ E K ® H we denote by the positive rank one operator defined by P ?; (^) = (£,,rj}T]. Let now 
rj & K ® H and suppose ||?/|| = 1. Choose an orthonormal basis (ej)jgj of A" £g iJ such that 77 = e, for 
some i £ I. 

Choose £ € A <g ff. Then we have 



In proposition 2.15 we saw that V* = ( J <g J)W(J ® J) = (w* <g> 1)W(«J (g 1) where w = J J. The last 
equality follows from corollary 2J2. So it follows that 

0(1® w)). 

In remark 8.31 of [|| we saw that for to € M* one has (w (g i)(W) <G ftf$ if and only if u> € T. So it follows 
that (T(P n ),uj^) < 00 if and only if 

w (i®™)?,(i«™)»)( 1 ® ') G ^ (3-1) 

and in that case 

(T(P V ),UJ 6 } = ||C(^(l«.^)?,(l®«))r;( 1 ® -))H 2 - 

Suppose that « £ M is a unitary. And suppose that formula ( |3.l|) is valid. We claim that 

(1® •) 61 

and 

C(w(i 

(l<g.)) = (I®-))- 
For this choose x G A/^ and make the following computation: 

w (l®u>)(l(g)jMj)f ,(1®w;)>7(1 ® x *) 

= ((1 (g x*)(l ® JuJ)£, (1 (g 

= ((1 (g x*)(l <g> i?(u*))(i ® (1 ® w)?y) 

= (f (^l®™)^!®™)^ 1 ® ')) ) P(u)A(a;)) 

= (^( u *)C( w (l«.u.)« : (l®,«)r,(l ® ■))> A (af)) 

From this follows our claim. 
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But then we get for every £ G K ® H and every unitary u G M that 

From this we may conclude that T(P n ) G {B{K) <g> M)+ 1 , for all 7? G AT <g> if . Let now z G B(K (g) H) + . 
Let (ei)ig/ again be an orthonormal basis for K (g> H. Then 

ie/ iei 
By lower semicontinuity of T we can conclude that T(z) G (B(K) ® M)^. 
Let now X G (-B(i^) (g) M) + . Then 

T(X) = (>(gH<g> <8> A)(X) 

and this clearly belongs to (B(K) ® M)+. t . But it also belongs to (B{K) ® M )+ ct by the result in the 
previous paragraph. Let 

T(X) = oo • (1 - e) + / Xde x 
Jo 

be the unique spectral decomposition of T(X), considered as an element of B(K eg) H)+ Xt . Then 

e, e x G <8> M) n (B(K) ® M) = B(# ) <g> C 

because MflM = C. So take /, /a G B(K) such that e = /eg) 1 and ex — fx® 1- Then define the element 
5 G B(Jf)+t by 

/>00 

S = oo.(l-/)+/ Ad/ A . 

Jo 

Then we get that 

(<,<8u<8> <£)(<, ® A)(X) = 5® 1. (3.2) 

Let us now suppose first that if = C. This will prove the special case stated in the proposition. Then 
X G M + and S will be a scalar. So we get a A G [0, +oo] such that 

(i®<p)A(X) =A1. 

Now there are two possibilities. 

• Either there exists a ui G with cj 7^ such that (u> Cg> t)A(X) G -M^. Then A < +00 because 

Aw(l) = <p((ui eg) l)A(X)) < 00. 

But then also 

ip((n cg> t)A(X)) = Xfj,(l) < 00 
for all /x G M+, and so (fi Cg> t)A(X) G .Mj for all /i G M+. Then it follows from proposition 5.15 
in H that X G and so A = <p(X) because of left invariance. 

• Either we have ip((w <g> t)A(X)) = +00 for all u € M+ \ {0}. This means that A = +00. Because 
of left invariance we cannot have X G .M^ and so (p{X) = +00. Again A = &(X). 

In both cases we arrive at (t eg) c3)A(X) = <,S(X) 1. 

Now we return to the general case. Let u G B(K)+ and [i G M+. Then we apply w<g>^ to equation ( |3.2| ). 
This gives us 

(S,ui) =${{w® n® A){X)) = <p((ti® l)A((u> ® t)(X)j) 

= h(1)0((uj®i)(X))=h(1) ((l<E>0)(X),u). 

In this computation we used the special case of the proposition proved above. So it follows that 5 = 
(l eg) <p)(X) and this gives what we wanted to prove. ■ 
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4. The opposite and the commutant von Neumann algebraic quantum group 

Given a von Neumann algebraic quantum group (M, A), represented standardly such that (H, t, A) is a 
GNS-construction for the left Haar weight ip, we can define two new von Neumann algebraic quantum 
groups called the opposite von Neumann algebraic quantum group [M, A) op and the commutant von 
Neumann algebraic quantum group (M, A)'. With the notations introduced before we give the following 
definition. 

Definition 4.1. The underlying von Neumann algebra of the opposite von Neumann algebraic quantum 
group (M, A) op is again M and the comultiplication A op is given by A op (x) = XA(x) for all x G M. 

The underlying von Neumann algebra of the commutant von Neumann algebraic quantum group (M, A)' 
is given by M' and the comultiplication A' is defined by A'(x) = ( J <g) J)A(JxJ)(J ® J) for all x € M' . 

It is easy to see that (M, A) op and (M, A)' are again von Neumann algebraic quantum groups. We will 
now give canonical choices for the left invariant weights and their GNS-construction. As a left invariant 
weight on (M, A) op we take ip, with GNS-construction (H, l, T). On M' we define the weight ip' by 
ip'(x) = ip(JxJ) for all x € (M') + . Then ip 1 is a left invariant weight on (M, A)', with GNS-construction 
(H, l, A'), where A'(x) = JK(JxJ) for all x £ Af v *. 

Given these GNS-constructions we can define the multiplicative unitaries W op and W associated to 



(M, A) op and (M, A)' and it is clear that, using definition 2.14 and proposition 2.15, they are given by 



W op =E7*S and W' = ( J <g> J)W{ J <8> J) = V. 

It is also clear that the unitary antipode R ap of (M, A) op equals R and the unitary antipode R' of (M, A)' 
is given by R'(x) = JR(JxJ)J for all x € M'. So the canonical right invariant weights on (M, A) op and 
(M, A)' are <p and ip'- Then the modular elements <5 op and S' are given by 

S°p = S- 1 and 5' = J 6 J. 

One also checks easily that r t op equals t_ 4 and r' t {x) = Jr-t(JxJ)J for all t e R and x E M'. 

Defining the unitary w — J J — v l ^JJ it is easy to see that $ : M — > M' : $(a;) = wxw* gives an 
isomorphism between the von Neumann algebraic quantum groups (M, A) and (M, A)' op . To prove this 
we only have to observe that R(x) = Jx*j for all x £ M and (R ® fl)A(x) = A op (R(x)) for all x G M. 

We conclude this section with the following formulas. 

Proposition 4.2. With the notations introduced above we have: 

(A/,A) op - = (M,A) A/ 

(M, A)" = (M, A)~ op 
(M, A)' op = (M, A) op/ . 

Proof. Because W op = SV*E, the von Neumann algebra underlying (M, A) op " is given by 

{(lu® l)(W° p ) I w S B(H)*y = {(t®w)(V*) | w S S(JI)*}" = M'. 

The last equality follows from proposition [2.15| . Further we have for every a; € M' that 

A op ~(a;) = Sl^ op (i® l)(H/ op )*E = 7*(l0x)V. 

Because 7 = (J® J)St¥*E(J ® J), this gives 

A op "(a;) = S(J® J)VF(JxJ® l)W*(J® J)E = (J ® J)A(jx.J)(j (g) J) = A'(x). 

This gives (M, A) op " = (M, A)"'. 
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Applying this last formula to (M, A)" and using the biduality theorem we get (M, A)~ op " = (M, A)'. 
Taking the dual and using once again the biduality theorem this gives our second result (M, A)" op = 
(M,A)'\ 

To compute (M, A) op ' we have to observe once again that the modular conjugation J' of the left invariant 
weight tp on (M, A) op is given by J' = v^ 4 J. Then it is clear that (M, A) op ' = (M, A)' op . ■ 
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